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Symmetry-protected subradiance is known to guarantee high qubit storage times in free space.
We show that in one-dimensional waveguides, this is also true, but that even longer qubit storage
times can be identified by considering the eigenspectrum of the qubit-qubit coupling matrix. In the
process, we introduce three theorems about N qubits coupled to a one-dimensional waveguide: i)
the coupling matrix, which is otherwise non-singular over a continuum of qubit separation values,
contains point-singularities; ii) the collective decay rates have symmetric properties, and iii) a linear
chain of qubits coupled to a one-dimensional waveguide exhibits symmetry-protected subradiance.
Our results will be beneficial for designing memory applications for future quantum technologies.
Quantum memory is a key component in quan-
tum communication [1] and quantum information
processing [2–4]. One current research direction to
develop quantum memories focuses on increasing the
excitation storage times for qubits coupled to waveg-
uides [5, 6]. While a single qubit coupled to a waveg-
uide decays spontaneously and cannot be utilized as
an efficient excitation storage by itself, special ar-
rangements of multiple qubits can lead to destructive
interference that suppresses spontaneous emission—
a phenomenon called subradiance [7–13], which leads
to enhanced storage time of excitations in multi-
qubits systems [14].
One complication of utilizing subradiance to en-
hance storage times comes from the fact that subra-
diant states are usually accompanied by a superradi-
ant state (both are a result of interference) [15]. It is
thus important to isolate the conditions that guar-
antee exclusive subradiant state preparation. One
such scheme, known as symmetry-protected single-
photon subradiance, has been proposed for N atoms
in free space with arbitrarily small distances [16] to
aid quantum memory applications. However, prac-
tical applicability of such a structure is still unclear,
and the authors do not provide a definitive answer to
the question whether symmetry-protection leads to
optimal storage times. Here, we provide a complete
discussion of this concept for waveguide QED [17–
20], where subradiance effects persist for non-zero
qubit separations [21–24].
In this paper, we investigate whether symmetry-
protected subradiance occurs in an array of mi-
croscopically separated qubits coupled to a one-
dimensional waveguide, and if so, whether it is the
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most optimal strategy. We show that symmetry-
protected subradiance indeed exists in waveguide
QED, but can be sub-optimal. Then, we provide
the optimal strategy, which lies in finding the eigen-
values and eigenvectors of the coupling matrix. Fi-
nally, we conclude with remarks on future directions
by discussing the non-Markovian regime [23, 25–29],
where between-qubit photon propagation time delay
can no longer be ignored.
Our interest lies in the collective spontaneous
emission from a linear chain of identical N qubits,
equally separated by a distance L, where each qubit
has energy gap Ω. Spontaneous emission dynamics
can be derived from the collective decay rates of the
entire system [23]. To compute these, it is sufficient
to consider only the single-excitation subspace. Let
us start by writing down a general single-excitation
state:
|ψ(t)〉 =
∫ ∞
−∞
dx[ψL(x, t)C
†
L(x) + . . .
+ ψR(x, t)C
†
R(x)] |0〉+
N∑
Q=1
αQ(t)e
−iΩt |eQ〉 .
(1)
Here, C†R/L(x) is the photon creation operator,
ψR/L(x, t) is the field amplitude for the right/left
moving photons, αQ(t) is the excitation coefficient
for the qubit Q. |0〉 is the vacuum state and |eQ〉 is
the state where only the qubit Q is excited.
Now, for our purposes, we assume that the qubits
are microscopically separated such that inter-qubit
propagation time-delays are neglected (Markovian
regime). Moreover, we assume that the field is ini-
tially in the vacuum state. Then, the time evolution
of qubit excitation coefficients is governed by a dif-
ar
X
iv
:2
00
6.
14
02
0v
1 
 [q
ua
nt-
ph
]  
24
 Ju
n 2
02
0
ferential equation [23, 30]:
α˙j(t) = −γ0
2
∑
l
Jjlαl(t), (2)
where Jjl = e
i|j−l|θ is the dimensionless qubit-qubit
coupling matrix with θ = ΩL and γ0 is the single-
emitter decay rate.
For our purposes, it suffices to consider only the
coupling matrix J
J=˙

1 eiθ . . . eiθ(N−1)
eiθ 1 . . . eiθ(N−2)
. . . .
. . . .
. . . .
eiθ(N−1) eiθ(N−2) . . . 1
 , (3)
since the eigenvalues and eigenvectors of J define
the collective decay rates and interactive basis of
the collective system. Large eigenvalues, e.g. de-
cay rates, correspond to faster decay modes, whereas
small eigenvalues signal decay modes that keep the
excitation in the system for longer times. Mathe-
matically, subradiance corresponds to the case where
the coupling matrix is nearly singular. The subradi-
ant states become bound-states in continuum (BIC)
when the coupling matrix becomes exactly singular.
Before describing symmetry-protected subradi-
ance, we first discuss symmetric and anti-symmetric
states and their time-evolution. Symmetric (anti-
symmetric) states are those that have +1 (−1) eigen-
value w.r.t. the mirror operator Pˆ that we discuss in
SM 1. One can think of Pˆ as a generalized version of
the parity operator from ordinary quantum mechan-
ics. In [23], we conjectured the subdivision of sym-
metric and anti-symmetric decay modes for a linear
chain of qubits, where an initially prepared symmet-
ric (anti-symmetric) state couples to only symmetric
(anti-symmetric) decay modes. Now, we present the
proof.
Theorem 1 (The symmetric and anti-symmet-
ric collective decay rates). The symmetric (anti-
symmetric) states, that acquire a pre-factor of ±1
upon mirroring with respect to the center, couple
to only symmetric (anti-symmetric) collective decay
rates. For even N , the dimensionality of symmetric
and anti-symmetric subspace is equal to N/2. For
odd N , the symmetric subspace is larger than the
anti-symmetric subspace by a single dimension.
Proof. See SM 1.
Theorem 1 guarantees that a symmetric or anti-
symmetric preparation of the initial state eliminates
nearly half of the decay modes. Such a property can
be utilized for quantum memory applications, if the
superradiant decay mode can be selectively and con-
sistently eliminated even in the presence of experi-
mental imperfections and parametric uncertainties.
If this is possible, all the remaining modes would be
subradiant, hence with long decay times.
Now, since subradiance emerges when J becomes
nearly singular, we find this condition:
Theorem 2 (Singularity condition). The coupling
matrix is singular only for the discrete values θ =
npi.
Proof. See SM 2.
The singularity condition obtained from the cou-
pling matrix agrees with the previous results ob-
tained from the propagators in the single-atomic-
excitation subspace [24]. Physically, the singularity
condition refers to the case, where out of N collec-
tive decay rates, N − 1 become zero (extremely sub-
radiant) and one becomes superradiant [23]. Such a
condition would be perfect for quantum memory ap-
plications, as an initially prepared state would not
decay even for long time intervals. However, due
to the discrete nature of the singularity condition,
it is improbable to experimentally obtain the exact
condition. We usually observe a less extreme sub-
radiance (for θ ≈ npi) where N − 1 decay rates are
small but non-zero. In fact, for a linear chain of
N qubits, the most subradiant decay rate decreases
with increasing N [8, 13]. Therefore, one approach
for increasing the memory application potential of a
quantum system is to increase the number of qubits,
which leads to the natural question: In which super-
position should the qubits be excited?
One potential answer to this question lies in
the symmetry-protected subradiance. Symmetry-
protection guarantees that anti-symmetry leads to
subradiance free space. In waveguide QED, the dis-
tinction is more subtle, as the subradiance condition
is not only θ ≈ 0 (as it is in free space), but extends
to a countable infinite set of points θ ≈ npi. Now,
we state an equivalent theorem for waveguide QED:
Theorem 3 (Symmetry-protected subradiance).
For θ ≈ 2npi, the superradiant state is symmet-
ric and anti-symmetric states are guaranteed to be
subradiant. For θ ≈ (2n + 1)pi, superradiant state
is symmetric (anti-symmetric) for odd (even) qubit
number N .
Proof. See SM 3.
2
Unlike in free space, the properties of the superra-
diant state depend on the specific system geometry.
For a linear chain of N qubits, the superradiant state
can be given as (SM 3)
|ψsup〉 =
N∑
j=1
(−1)nj |ej〉 . (4)
If n is even, then |ψsup〉 becomes the Dicke state.
For odd n, |ψsup〉 has alternating signs. Depending
on N and θ (or n in θ = npi), superradiant state can
be either symmetric or anti-symmetric. Symmetry-
protection of subradiance guarantees that the oppo-
site subspace is always subradiant.
While the symmetry-protection in waveguide
QED can guarantee subradiance, we have found that
it might lead to sub-optimal subradiance. More con-
cretely, there may be subradiant states that decay
extremely slowly but have the same symmetric prop-
erties as the superradiant state. In the following, we
provide a detailed discussion based on a simple ex-
ample.
Consider the case N = 3 and θ = 2pi + δ, where δ
is a small parameter. The decay rates can be given
as [23]
Γ(+)sup(δ) = 3 +O(δ), (5a)
Γ
(+)
sub(δ) = −
2
3
iδ +
2
27
δ2 +O(δ3), (5b)
Γ
(−)
sub(δ) = −2iδ + 2δ2 +O(δ3), (5c)
with corresponding eigenmodes:
|ψ(+)sup (δ)〉 ≈
1√
3
[
|e1〉+
(
1− iδ
3
)
|e2〉+ |e3〉
]
,
(6a)
|ψ(+)sub (δ)〉 ≈
1√
6
[
|e1〉 −
(
2 +
2iδ
3
)
|e2〉+ |e3〉
]
,
(6b)
|ψ(−)sub (δ)〉 =
1√
2
[|e1〉 − |e2〉]. (6c)
Here, we set γ0 = 1 for simplicity, consider the
Taylor expansion up to O(δ2), and the subscripts
“sup”/“sub” refer to superradiance/subradiance.
While the symmetry-protected subradiance guaran-
tees that Γ
(−)
sub is subradiant, Γ
(+)
sub has a 27-fold
smaller real part for a leading term in δ2. Thus,
the symmetric subradiant state decays with a 27-fold
smaller exponential factor than the anti-symmetric
one.
Now, consider the time evolution of an initially ex-
cited state
∣∣sub(+)〉 = |ψ(+)sub (0)〉 = 1√6 [|e1〉 − 2 |e2〉+
| (+)sub i
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FIG. 1. The total qubit excitation probabilities (left) and
state preparation conditions with the upward/downward
arrows representing positive/negative coherent excita-
tions (right). We illustrate the decay of three initially
prepared states for N = 3 and of a single-qubit for
reference. Here, we define |ψ〉 = |ψ(δ = 0)〉 and pick
θ = 2pi + 0.1pi. While the symmetry protection guaran-
tees subradiance for the anti-symmetric state, the sym-
metric subradiant state has a lower decay, even in the
presence of parametric imperfections such as δ = 0.1pi.
|e3〉] for a finite, but small imperfection δ. Due to
this imperfection, there is a chance that this initial
preparation decays partially through the superradi-
ant decay mode. Fortunately, this portion is negli-
gible compared to the portion decaying through the
subradiant portion, since
|sub(+)〉 ≈ 2iδ
9
√
2
|ψ(+)sup (δ)〉+
(
1− 2iδ
9
)
|ψ(+)sub (δ)〉,
≈ O(δ)|ψ(+)sup (δ)〉+O(1)|ψ(+)sub (δ)〉.
(7)
This means that O(δ) portion of
∣∣sub(+)〉 decays
with a superradiant decay rate, whereas O(1) por-
tion decays with the optimal subradiant decay rate.
For all practical purposes,
∣∣sup(+)〉 has a nearly zero
superradiant part and is therefore subradiant even
for non-zero, but small, deviations from the perfect
condition, i.e. δ 6= 0. Fig. 1 illustrates this con-
cept for a particular example with N = 3 qubits
and θ = 2.1pi with δ = 0.1pi. In this figure, we
calculate the qubit excitation probabilities follow-
ing the approach described by [23] in the Markovian
regime. Thus, while the symmetry-protection pro-
vides a fully subradiant behavior, a clever prepara-
tion of the initial state can provide a stronger subra-
diance behavior, thus a better potential for quantum
memory applications.
So far in this paper, we have considered the case
where the qubit separation is small enough such
that the photon-propagation time between adjacent
3
qubits is negligible. Now, we argue that consider-
ation of time-delayed quantum feedback within the
system is the natural next step and a necessity for
the experimental realization of long storage times for
qubits.
The idea that N qubits have N collective decay
rates applies only for the Markovian regime. As the
time delayed feedback caused by the photon propa-
gation between the qubits becomes prominent, non-
Markovian processes become more significant and
lead to infinitely many non-Markovian decay rates.
The question is: How do these non-Markovian pro-
cesses affect the subradiance behavior of the qubits?
Large qubit separation leads to fully subradiant
behavior of the system [23, 31], but are more sus-
ceptible to propagation losses and unwanted non-
radiative decay. Compact multi-qubit systems with
small qubit separation have lower propagation losses
inside the waveguide and provide higher probability
of exciting BIC through vacuum decay [6]. On the
other hand, small separation would be hard to im-
plement experimentally, might suffer from unwanted
dipole-dipole interactions [32] and lead to sub-
optimal BIC excitation through time-delayed feed-
back and multi-photon scattering [6]. Since the sub-
radiant decay couples very slightly to the waveguide,
state preparation via single-photon states would be
experimentally implausible. Therefore, BIC exci-
tation through time-delayed feedback and multi-
photon scattering is indeed needed to prepare the
initial state, although it is an open question how
to excite a specific subradiant state beyond N = 2
qubits [6]. Consequently, the most optimal qubit
separation to enhance BIC generation and to mini-
mize non-radiative losses, which is also experimen-
tally feasible, turns out to be moderate separation.
This regime provides a higher compatibility, gives
an experimental freedom to separate qubits suffi-
ciently to avoid direct dipole-dipole interactions [32]
and shows a stronger subradiant and superradiant
behavior than the Markovian regime [23].
Unfortunately, the coupling matrix approach we
have taken so far allows us to draw conclusions only
for the Markovian regime, as for the non-Markovian
regime, the time-evolution given by Eq. (2) is no
longer valid. In the non-Markovian regime, the
eigenspectrum of the coupling matrix can no longer
provide the optimal subradiance, but can provide
approximations.
Moreover, we have seen that symmetry-protection
may lead to sub-optimal subradiance in the Marko-
vian regime. Even if symmetry-protection exists
in the non-Markovian regime, sub-optimality would
still be an issue due to the continuity of the decay
rates, e.g. as θ reaches zero, the non-Markovian
decay rates coincide with the Markovian decay
rates [23, 31]. Therefore, while our discussion of
the symmetry-protected and optimal subradiance
may aid the non-Markovian explorations, further
research is required to reach conclusions for this
regime. Until then, one can seed numerical op-
timization algorithms with the (Markovian) eigen-
states of the coupling matrix and obtain locally op-
timal states that decay with a subradiant decay rate,
or for small number of qubits, use the diagrammatic
non-Markovian time evolution approach developed
in [30] to obtain analytical solutions for the optimal
subradiant decay.
In this paper, we have discussed the practical
use of subradiance for increased excitation storage
times starting from the time evolution of a gen-
eral single-excitation state. We have proven the
symmetric and anti-symmetric collective decay rates
theorem, first conjectured in [23] and used it to
state a symmetry-protected subradiance theorem in
waveguide QED equivalent to the one for the free
space [16]. Then, we have shown that symmetry-
protection, while guarantees subradiance, can lead
to sub-optimal subradiance in waveguide QED. Fi-
nally, we discussed natural future directions of our
work by discussing a more experimentally relevant
regime where non-Markovian effects become promi-
nent. We expect our work to be beneficial towards
designing memory applications for future quantum
technologies.
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SM1. PROOF OF THEOREM 1: GENERALIZED MIRROR OPERATOR
In this section, we will provide the proof of the theorem 1 presented in the main text:
Theorem 1 (The symmetric and anti-symmetric collective decay rates). The symmetric (anti-symmetric)
states, that acquire a pre-factor of ±1 upon mirroring with respect to the center, couple to only symmetric
(anti-symmetric) collective decay rates. For even N , the dimensionality of symmetric and anti-symmetric
subspace is equal to N/2. For odd N , the symmetric subspace is larger than the anti-symmetric subspace by
1.
Let us start by recalling the mirror operator, Pˆ , for the single-qubit excitation space [23]:
Pˆ |ej〉 = |eN−j+1〉 , (S1)
where j is a dummy variable ranging from 1 to N denoting the qubit identity. On the qubit excitation
subspace, we represent |ej〉 as the unit vectors of an N -dimensional complex space. In this space, the points
represent the coherent superposition of qubits. Then, the matrix representation for the mirror operator is
as follows:
P =˙
0 . . . 0 10 . . . 1 0. . . .
1 . . . 0 0
 (S2)
The action of this matrix on the jth unit vector swaps the excitations of qubits N − j + 1 and j.
Claim 1. The eigenvalues of the mirror operator are ±1, where +1 corresponds to symmetric states and −1
corresponds to anti-symmetric states.
The mathematical definition of symmetry and anti-symmetry comes from the mirror operator. Intuitively,
one can consider the mirror operator as flipping the qubits with respect to the center. If a state is excited in
a symmetric manner, it will remain unchanged. If it is anti-symmetric, then it will acquire a −1 pre-factor.
Then, we can prove this claim by picking the eigenstates as the symmetric and anti-symmetric unit vectors
and showing that they are indeed eigenstates. Once we find all N eigenstates, the proof is over.
For even N = 2M , let us pick the set of eigenvectors as
|ξ〉 ∼ 1√
2
(|ej〉 ± |eN−j+1〉) , ∀j = 1, . . . ,M. (S3)
There are N/2 symmetric and N/2 anti-symmetric eigenstates. For odd N = 2M + 1, we have an additional
eigenstate:
|ξ〉 ∼ ∣∣e(N+1)/2〉 , (S4)
which is a symmetric eigenstate. Hence, we have found N distinct eigenstates for the mirror operator, which
have only ±1 eigenvalues.
Claim 2. The eigenstates of the coupling matrix can be chosen to be either symmetric or anti-symmetric.
To prove this claim, we need to show that the coupling matrix and the mirror matrix commute such that
[J, P ] = 0. Denoting Pij = δi(N+1−j), where δ is the Kronecker delta, we find
(JP )ak =
∑
j
Jajδj(N+1−k) = Ja(N+1−k) = eiθ|N+1−k−a|,
(PJ)ak =
∑
j
δa(N+1−j)Jjk = J(N+1−a)k = eiθ|N+1−k−a|,
(S5)
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where JP = PJ =⇒ [J, P ] = 0. Thus, a general time-evolution solution (where we define ~α = [α1, . . . , αN ])
becomes:
~α =
N∑
k=1
xk~ξ
(k)e−λkt, (S6)
where ~ξ(k) is the kth eigenvector, xk are some coefficients, and λk is the corresponding eigenvalue. Here,
~ξ(k)s are either symmetric or anti-symmetric. Thus, for an initial symmetric excitation ~α0 =
∑
k xk
~ξ(k),
xk = 0 for when ξ
(k) is anti-symmetric. This is because ξ(k) are linearly independent and a re-summation of
all
∑
k∈anti-sym xk~ξ
(k) = 0, which is a requirement for ~α0 to be symmetric, is only zero when all such xk = 0.
A similar argument can be made for an initial anti-symmetric ~α0. This finishes the main body of the proof.
Now, we can bring the proof together by summarizing the main steps. The mirror operator has N
eigenvalues, which are either +1 or −1. The degeneracy of the eigenvalues depend whether N is even or
odd. If N is even, there are N/2 of each. For odd N , the symmetric subspace is larger by a one dimension.
The coupling matrix commutes with the mirror matrix, hence any eigenvector of the coupling matrix is
either symmetric or anti-symmetric (or can be chosen to be, if there is a degeneracy). Since the Hamiltonian
commutes with the mirror operator [23], the symmetric properties of an initially prepared state does not
change during time-evolution. Hence, an initially symmetric/anti-symmetric prepared state will decay only
through symmetric/anti-symmetric decay modes, which we have shown analytically by writing down a general
solution of the time-evolved state.
Throughout this proof (and thereafter), we make the assumption that J has a non-degenerate spectrum.
This is indeed the case for many examples we have considered for various N and θ 6= npi and where the decay
mode description is reasonable. For cases where J is non-degenerate (or even non-diagonalizable, which we
haven’t encountered so far), for example when θ = npi, we can use some small perturbations  and take the
limit → 0, defining the symmetric and anti-symmetric subspaces asymptotically.
SM2. PROOF OF THEOREM 2: LU DECOMPOSITION OF THE COUPLING MATRIX
In this section, we will provide the proof of the theorem 2 in the main text:
Theorem 2 (Singularity condition). The coupling matrix is singular only for the discrete values θ = npi.
We start by considering the lower and upper triangular decomposition of the coupling matrix.
Claim 3. The coupling matrix can be decomposed into a lower and upper triangular form J = LU , where
U is singular if and only if θ = npi (n is a non-negative integer) and L is non-singular.
To prove this claim, we first state the L and U matrices and show that J = LU . We start by defining a
complex number p for generalization:
p=˙eiθ (S7)
Matrix form of the N -dimensional lower triangular matrix L is as follows:
L=˙
 1 0 . . . 0p 1 . . . 0. . . .
pN−1 pN−2 . . . 1
 , Laj = {0 a < j
pa−j a ≥ j (S8)
Matrix form of the N -dimensional upper triangular matrix U is as follows:
U=˙

1 p p2 p3 . . . pN−1
0 1− p2 p(1− p2) p2(1− p2) . . . pN−2(1− p2)
0 0 1− p2 p(1− p2) . . . pN−3(1− p2)
...
...
...
...
...
...
0 0 0 0 . . . 1− p2
 , Uaj =

pj−1 a = 1
pj−a(1− p2) 1 < a ≤ j
0 j < a
(S9)
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We can find LU by direct matrix multiplication.
(LU)aj =
N∑
k=1
LakUkj (S10)
We divide matrix multiplication into two separate cases. For a ≤ j:
(LU)aj = La1U1j +
a∑
k=2
LakUkj +
N∑
k=a+1
LakUkj (S11)
For the final summation k > a, then Lak = 0 for this summation. Then (LU)aj simplifies to:
(LU)aj = La1U1j +
a∑
k=2
LakUkj (S12)
For 2 ≤ k ≤ a plug in values of matrices which are Lak = pa−k and Ukj = pk−j(1− p2) then we obtain the
following equation:
(LU)aj = p
a+j−2 + pa+j
a∑
k=2
(p−2k − p−2k+2) = pj−a (S13)
For j < a, we follow similar steps and obtain:
(LU)aj = La1U1j +
j∑
k=2
LakUkj = p
a−j . (S14)
By considering these two cases together, the final form of the LU is as follows:
(LU)aj = p
|a−j| = Jaj (S15)
Now, we return to the discussion of singularity. L and U are triangular matrices, then determinant of
these matrices are equal to the multiplication of the elements on the main diagonal. Therefore, det(L) = 1
and det(U) = (1 − p2)N−1. Using det(J) = det(L) det(U), we have that det(J) = (1 − p2)N−1. Therefore,
J is singular (det(J) = 0) if and only if p = ±1 which is equivalent to θ = npi (n is a non-negative integer).
This finishes the proof.
SM3. PROOF OF THEOREM 3: SYMMETRY-PROTECTION IN WAVEGUIDE QED
In this section, we will provide the proof of the theorem 3 in the main text:
Theorem 3 (Symmetry-protected subradiance). For θ ≈ 2npi, the superradiant state is symmetric and
anti-symmetric states are guaranteed to be subradiant. For θ ≈ (2n + 1)pi, superradiant state is symmetric
(anti-symmetric) for odd (even) qubit number N .
Let us start with θ = 2npi + δ, where δ is a small parameter such that
eiθ = ei(2npi+δ) = eiδ = 1 + iδ +O(δ2) (S16)
Coupling matrix can be written as below after neglecting higher order terms:
J ≈
1 1 . . . 11 1 . . . 1. . . .
1 1 . . . 1
+ iδ
 0 1 . . . N − 11 0 . . . N − 2. . . .
N − 1 N − 2 . . . 0
 (S17)
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Define two new matrices such that J ≈ J0 + iδM ,
J0=˙
1 1 . . . 11 1 . . . 1. . . .
1 1 . . . 1
 (S18)
M=˙
 0 1 . . . N − 11 0 . . . N − 2. . . .
N − 1 N − 2 . . . 0
 (S19)
J0 has only one non-zero eigenvalue which is corresponds to superradiant state. λsup = N is the eigenvalue
and wsup =
[
1, . . . , 1
]T
is the corresponding eigenvector. In addition, wTsupJ0 = λsupw
T
sup. For a sufficiently
small δ, the eigenvalues and eigenvectors of J can be approximated from the known eigenvalues and eigen-
vectors of the J0. Let λJ and wJ be the corresponding eigenvalue and eigenvector of the J . Then we can
approximate λJ as:
λJ = λsup + iδ
wTsupMwsup
wTsupwsup
+O(δ2), (S20)
where we realize that Re[λJ ] = N + O(δ
2) the decay portion of the eigenvalue vanishes to the first order.
For the eigenvector, we pick wJ = wsup +O(δ). Hence, for small δ, the Dicke state is the superradiant state:
|ψsup〉 = 1√
N
N∑
j=1
|ej〉 . (S21)
This is a symmetric eigenstate and corresponds to a symmetric ~ξ(1). Thus, for an anti-symmetric initial
condition ~α0, corresponding coefficient for the superradiant decay mode is zero up to O(δ). Thus, for
θ ≈ 2pin, the anti-symmetric coherent excitation subspace is guaranteed to be subradiant.
A similar calculation can be performed for θ = (2n+ 1)pi + δ, where we obtain that Re[λJ ] = N +O(δ
2)
and wJ = wsup + O(δ) with the only difference that wJ = [−1, 1,−1, . . .]. Then, the superradiant state
becomes:
|ψsup〉 = 1√
N
N∑
j=1
(−1)j |ej〉 . (S22)
Now, this state is symmetric if N is odd and anti-symmetric if N is even. Thus, the symmetric (anti-
symmetric) subspace is guaranteed to be subradiant for even (odd) N .
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